
CS229 Problem Set #1 1

CS 229, Spring 2020
Problem Set #1

Due Wednesday, April 29 at 11:59 pm on Gradescope.

Notes: (1) These questions require thought, but do not require long answers. Please be as
concise as possible. (2) If you have a question about this homework, we encourage you to post
your question on our Piazza forum, at https://piazza.com/stanford/spring2020/cs229. (3)
This quarter, Spring 2020, students may submit in pairs. If you missed the first lecture or are
unfamiliar with the collaboration or honor code policy, please read the policy on the course
website before starting work. (4) For the coding problems, you may not use any libraries except
those defined in the provided environment.yml file. In particular, ML-specific libraries such as
scikit-learn are not permitted. (5) To account for late days, the due date is Wednesday, April
29 at 11:59 pm. If you submit after Wednesday, April 29 at 11:59 pm, you will begin consuming
your late days. If you wish to submit on time, submit before Wednesday, April 29 at 11:59 pm.

All students must submit an electronic PDF version of the written questions. We highly rec-
ommend typesetting your solutions via LATEX. All students must also submit a zip file of their
source code to Gradescope, which should be created using the make zip.py script. You should
make sure to (1) restrict yourself to only using libraries included in the environment.yml file,
and (2) make sure your code runs without errors. Your submission may be evaluated by the
auto-grader using a private test set, or used for verifying the outputs reported in the writeup.
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1. [40 points] Linear Classifiers (logistic regression and GDA)

In this problem, we cover two probabilistic linear classifiers we have covered in class so far.
First, a discriminative linear classifier: logistic regression. Second, a generative linear classifier:
Gaussian discriminant analysis (GDA). Both the algorithms find a linear decision boundary that
separates the data into two classes, but make di↵erent assumptions. Our goal in this problem is
to get a deeper understanding of the similarities and di↵erences (and, strengths and weaknesses)
of these two algorithms.

For this problem, we will consider two datasets, along with starter codes provided in the following
files:

• src/linearclass/ds1_{train,valid}.csv

• src/linearclass/ds2_{train,valid}.csv

• src/linearclass/logreg.py

• src/linearclass/gda.py

Each file contains n examples, one example (x(i)
, y

(i)) per row. In particular, the i-th row

contains columns x
(i)
1 2 R, x

(i)
2 2 R, and y

(i) 2 {0, 1}. In the subproblems that follow, we
will investigate using logistic regression and Gaussian discriminant analysis (GDA) to perform
binary classification on these two datasets.

(a) [10 points]

In lecture we saw the average empirical loss for logistic regression:

J(✓) = � 1

n

nX

i=1

⇣
y
(i) log(h✓(x

(i))) + (1� y
(i)) log(1� h✓(x

(i)))
⌘
,

where y
(i) 2 {0, 1}, h✓(x) = g(✓Tx) and g(z) = 1/(1 + e

�z).

Find the Hessian H of this function, and show that for any vector z, it holds true that

z
T
Hz � 0.

Hint: You may want to start by showing that
P

i

P
j zixixjzj = (xT

z)2 � 0. Recall also
that g0(z) = g(z)(1� g(z)).

Remark: This is one of the standard ways of showing that the matrix H is positive semi-
definite, written “H ⌫ 0.” This implies that J is convex, and has no local minima other
than the global one. If you have some other way of showing H ⌫ 0, you’re also welcome to
use your method instead of the one above.

(b) [5 points] Coding problem. Follow the instructions in src/linearclass/logreg.py
to train a logistic regression classifier using Newton’s Method. Starting with ✓ = ~0, run
Newton’s Method until the updates to ✓ are small: Specifically, train until the first iteration
k such that k✓k�✓k�1k1 < ✏, where ✏ = 1⇥10�5. Make sure to write your model’s predicted
probabilities on the validation set to the file specified in the code.

Include a plot of the validation data with x1 on the horizontal axis and x2 on the vertical
axis. To visualize the two classes, use a di↵erent symbol for examples x

(i) with y
(i) = 0

than for those with y
(i) = 1. On the same figure, plot the decision boundary found by

logistic regression (i.e, line corresponding to p(y|x) = 0.5).
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(c) [5 points] Recall that in GDA we model the joint distribution of (x, y) by the following
equations:

p(y) =

(
� if y = 1

1� � if y = 0

p(x|y = 0) =
1

(2⇡)d/2|⌃|1/2
exp

✓
�1

2
(x� µ0)

T⌃�1(x� µ0)

◆

p(x|y = 1) =
1

(2⇡)d/2|⌃|1/2
exp

✓
�1

2
(x� µ1)

T⌃�1(x� µ1)

◆
,

where �, µ0, µ1, and ⌃ are the parameters of our model.

Suppose we have already fit �, µ0, µ1, and ⌃, and now want to predict y given a new point
x. To show that GDA results in a classifier that has a linear decision boundary, show the
posterior distribution can be written as

p(y = 1 | x;�, µ0, µ1,⌃) =
1

1 + exp(�(✓Tx+ ✓0))
,

where ✓ 2 Rd and ✓0 2 R are appropriate functions of �, ⌃, µ0, and µ1.

(d) [7 points] Given the dataset, we claim that the maximum likelihood estimates of the pa-
rameters are given by

� =
1

n

nX

i=1

1{y(i) = 1}

µ0 =

Pn
i=1 1{y(i) = 0}x(i)

Pn
i=1 1{y(i) = 0}

µ1 =

Pn
i=1 1{y(i) = 1}x(i)

Pn
i=1 1{y(i) = 1}

⌃ =
1

n

nX

i=1

(x(i) � µy(i))(x(i) � µy(i))T

The log-likelihood of the data is

`(�, µ0, µ1,⌃) = log
nY

i=1

p(x(i)
, y

(i);�, µ0, µ1,⌃)

= log
nY

i=1

p(x(i)|y(i);µ0, µ1,⌃)p(y
(i);�).

By maximizing ` with respect to the four parameters, prove that the maximum likelihood
estimates of �, µ0, µ1, and ⌃ are indeed as given in the formulas above. (You may assume
that there is at least one positive and one negative example, so that the denominators in
the definitions of µ0 and µ1 above are non-zero.)

(e) [5 points] Coding problem. In src/linearclass/gda.py, fill in the code to calculate
�, µ0, µ1, and ⌃, use these parameters to derive ✓, and use the resulting GDA model to
make predictions on the validation set. Make sure to write your model’s predictions on the
validation set to the file specified in the code.
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Include a plot of the validation data with x1 on the horizontal axis and x2 on the vertical
axis. To visualize the two classes, use a di↵erent symbol for examples x

(i) with y
(i) = 0

than for those with y
(i) = 1. On the same figure, plot the decision boundary found by GDA

(i.e, line corresponding to p(y|x) = 0.5).

(f) [2 points] For Dataset 1, compare the validation set plots obtained in part (b) and part (e)
from logistic regression and GDA respectively, and briefly comment on your observation in
a couple of lines.

(g) [5 points] Repeat the steps in part (b) and part (e) for Dataset 2. Create similar plots on
the validation set of Dataset 2 and include those plots in your writeup.

On which dataset does GDA seem to perform worse than logistic regression? Why might
this be the case?

(h) [1 points] For the dataset where GDA performed worse in parts (f) and (g), can you find
a transformation of the x

(i)’s such that GDA performs significantly better? What might
this transformation be?
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2. [25 points] Poisson Regression

In this question we will construct another kind of a commonly used GLM, which is called Poisson
Regression. In a GLM, the choice of the exponential family distribution is based on the kind of
problem at hand. If we are solving a classification problem, then we use an exponential family
distribution with support over discrete classes (such as Bernoulli, or Categorical). Simiarly, if
the output is real valued, we can use Gaussian or Laplace (both are in the exponential family).
Sometimes the desired output is to predict counts, for e.g., predicting the number of emails
expected in a day, or the number of customers expected to enter a store in the next hour, etc.
based on input features (also called covariates). You may recall that a probability distribution
with support over integers (i.e. counts) is the Poisson distribution, and it also happens to be in
the exponential family.

In the following sub-problems, we will start by showing that the Poisson distribution is in the
exponential family, derive the functional form of the hypothesis, derive the update rules for
training models, and finally using the provided dataset train a real model and make predictions
on the test set.

(a) [5 points] Consider the Poisson distribution parameterized by �:

p(y;�) =
e
��

�
y

y!
.

(Here y has positive integer values and y! is the factorial of y. ) Show that the Poisson
distribution is in the exponential family, and clearly state the values for b(y), ⌘, T (y), and
a(⌘).

(b) [3 points] Consider performing regression using a GLM model with a Poisson response
variable. What is the canonical response function for the family? (You may use the fact
that a Poisson random variable with parameter � has mean �.)

(c) [7 points] For a training set {(x(i)
, y

(i)); i = 1, . . . , n}, let the log-likelihood of an example
be log p(y(i)|x(i); ✓). By taking the derivative of the log-likelihood with respect to ✓j , derive
the stochastic gradient ascent update rule for learning using a GLM model with Poisson
responses y and the canonical response function.

(d) [10 points] Coding problem

Consider a website that wants to predict its daily tra�c. The website owners have collected
a dataset of past tra�c to their website, along with some features which they think are
useful in predicting the number of visitors per day. The dataset is split into train/valid sets
and the starter code is provided in the following files:

• src/poisson/{train,valid}.csv

• src/poisson/poisson.py

We will apply Poisson regression to model the number of visitors per day. Note that ap-
plying Poisson regression in particular assumes that the data follows a Poisson distribution
whose natural parameter is a linear combination of the input features (i.e., ⌘ = ✓

T
x). In

src/poisson/poisson.py, implement Poisson regression for this dataset and use full batch
gradient ascent to maximize the log-likelihood of ✓. For the stopping criterion, check if the
change in parameters has a norm smaller than a small value such as 10�5.

Using the trained model, predict the expected counts for the validation set, and create
a scatter plot between the true counts vs predicted counts (on the validation set). In the
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scatter plot, let x-axis be the true count and y-axis be the corresponding predicted expected
count. Note that the true counts are integers while the expected counts are generally real
values.
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3. [15 points] Convexity of Generalized Linear Models

In this question we will explore and show some nice properties of Generalized Linear Models,
specifically those related to its use of Exponential Family distributions to model the output.

Most commonly, GLMs are trained by using the negative log-likelihood (NLL) as the loss func-
tion. This is mathematically equivalent to Maximum Likelihood Estimation (i.e., maximizing
the log-likelihood is equivalent to minimizing the negative log-likelihood). In this problem, our
goal is to show that the NLL loss of a GLM is a convex function w.r.t the model parameters. As
a reminder, this is convenient because a convex function is one for which any local minimum is
also a global minimum, and there is extensive research on how to optimize various types of con-
vex functions e�ciently with various algorithms such as gradient descent or stochastic gradient
descent.

To recap, an exponential family distribution is one whose probability density can be represented

p(y; ⌘) = b(y) exp(⌘TT (y)� a(⌘)),

where ⌘ is the natural parameter of the distribution. Moreover, in a Generalized Linear Model, ⌘
is modeled as ✓Tx, where x 2 Rd are the input features of the example, and ✓ 2 Rd are learnable
parameters. In order to show that the NLL loss is convex for GLMs, we break down the process
into sub-parts, and approach them one at a time. Our approach is to show that the second
derivative (i.e., Hessian) of the loss w.r.t the model parameters is Positive Semi-Definite (PSD)
at all values of the model parameters. We will also show some nice properties of Exponential
Family distributions as intermediate steps.

For the sake of convenience we restrict ourselves to the case where ⌘ is a scalar. Assume
p(Y |X; ✓) ⇠ ExponentialFamily(⌘), where ⌘ 2 R is a scalar, and T (y) = y. This makes the
exponential family representation take the form

p(y; ⌘) = b(y) exp(⌘y � a(⌘)).

(a) [5 points] Derive an expression for the mean of the distribution. Show that E[Y ; ⌘] = @
@⌘a(⌘)

(note that E[Y ; ⌘] = E[Y |X; ✓] since ⌘ = ✓
T
x). In other words, show that the mean of an

exponential family distribution is the first derivative of the log-partition function with
respect to the natural parameter.

Hint: Start with observing that @
@⌘

R
p(y; ⌘)dy =

R
@
@⌘p(y; ⌘)dy.

(b) [5 points] Next, derive an expression for the variance of the distribution. In particular, show

that Var(Y ; ⌘) = @2

@⌘2 a(⌘) (again, note that Var(Y ; ⌘) = Var(Y |X; ✓)). In other words, show
that the variance of an exponential family distribution is the second derivative of the log-
partition function w.r.t. the natural parameter.

Hint: Building upon the result in the previous sub-problem can simplify the derivation.

(c) [5 points] Finally, write out the loss function `(✓), the NLL of the distribution, as a function
of ✓. Then, calculate the Hessian of the loss w.r.t ✓, and show that it is always PSD. This
concludes the proof that NLL loss of GLM is convex.

Hint 1: Use the chain rule of calculus along with the results of the previous parts to
simplify your derivations.

Hint 2: Recall that variance of any probability distribution is non-negative.

Remark: The main takeaways from this problem are:

• Any GLM model is convex in its model parameters.
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• The exponential family of probability distributions are mathematically nice. Whereas cal-
culating mean and variance of distributions in general involves integrals (hard), surprisingly
we can calculate them using derivatives (easy) for exponential family.
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4. [25 points] Linear regression: linear in what?

In the first two lectures, you have seen how to fit a linear function of the data for the regression
problem. In this question, we will see how linear regression can be used to fit non-linear functions
of the data using feature maps. We will also explore some of its limitations, for which future
lectures will discuss fixes.

(a) [5 points] Learning degree-3 polynomials of the input

Suppose we have a dataset {(x(i)
, y

(i))}ni=1 where x(i)
, y

(i) 2 R. We would like to fit a third
degree polynomial h✓(x) = ✓3x

3 + ✓2x
2 + ✓1x

1 + ✓0 to the dataset. The key observation
here is that the function h✓(x) is still linear in the unknown parameter ✓, even though it’s
not linear in the input x. This allows us to convert the problem into a linear regression
problem as follows.

Let � : R ! R4 be a function that transforms the original input x to a 4-dimensional vector
defined as

�(x) =

2

664

1
x

x
2

x
3

3

775 2 R4 (1)

Let x̂ 2 R4 be a shorthand for �(x), and let x̂
(i) , �(x(i)) be the transformed input in

the training dataset. We construct a new dataset {(�(x(i)), y(i))}ni=1 = {(x̂(i)
, y

(i))}ni=1 by
replacing the original inputs x(i)’s by x̂

(i)’s. We see that fitting h✓(x) = ✓3x
3+✓2x

2+✓1x
1+

✓0 to the old dataset is equivalent to fitting a linear function h✓(x̂) = ✓3x̂3+✓2x̂2+✓1x̂1+✓0

to the new dataset because

h✓(x) = ✓3x
3 + ✓2x

2 + ✓1x
1 + ✓0 = ✓3�(x)3 + ✓2�(x)2 + ✓1�(x)1 + ✓0 = ✓

T
x̂ (2)

In other words, we can use linear regression on the new dataset to find parameters ✓0, . . . , ✓3.

Please write down 1) the objective function J(✓) of the linear regression problem on the
new dataset {(x̂(i)

, y
(i))}ni=1 and 2) the update rule of the batch gradient descent algorithm

for linear regression on the dataset {(x̂(i)
, y

(i))}ni=1.

Terminology: In machine learning, � is often called the feature map which maps the original
input x to a new set of variables. To distinguish between these two sets of variables, we will
call x the input attributes, and call �(x) the features. (Unfortunately, di↵erent authors
use di↵erent terms to describe these two things. In this course, we will do our best to follow
the above convention consistently.)

(b) [5 points] Coding question: degree-3 polynomial regression

For this sub-question question, we will use the dataset provided in the following files:

src/featuremaps/{train,valid,test}.csv

Each file contains two columns: x and y. In the terminology described in the introduction,
x is the attribute (in this case one dimensional) and y is the output label.

Using the formulation of the previous sub-question, implement linear regression with nor-
mal equations using the feature map of degree-3 polynomials. Use the starter code pro-
vided in src/featuremaps/featuremap.py to implement the algorithm.

Create a scatter plot of the training data, and plot the learnt hypothesis as a smooth curve
over it. Submit the plot in the writeup as the solution for this problem.
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Remark: Suppose bX is the design matrix of the transformed dataset. You may sometimes
encounter a non-invertible matrix bXT bX. For a numerically stable code implementation,
always use np.linalg.solve to obtain the parameters directly, rather than explicitly cal-
culating the inverse and then multiplying it with bXT

y.

(c) [5 points] Coding question: degree-k polynomial regression

Now we extend the idea above to degree-k polynomials by considering � : R ! Rk+1 to be

�(x) =

2

666664

1
x

x
2

...
x
k

3

777775
2 Rk+1 (3)

Follow the same procedure as the previous sub-question, and implement the algorithm with
k = 3, 5, 10, 20. Create a similar plot as in the previous sub-question, and include the
hypothesis curves for each value of k with a di↵erent color. Include a legend in the plot to
indicate which color is for which value of k.

Submit the plot in the writeup as the solution for this sub-problem. Observe how the fitting
of the training dataset changes as k increases. Briefly comment on your observations in the
plot.

(d) [5 points] Coding question: other feature maps

You may have observed that it requires a relatively high degree k to fit the given training
data, and this is because the dataset cannot be explained (i.e., approximated) very well
by low-degree polynomials. By visualizing the data, you may have realized that y can
be approximated well by a sine wave. In fact, we generated the data by sampling from
y = sin(x) + ⇠, where ⇠ is noise with Gaussian distribution. Please update the feature map
� to include a sine transformation as follows:

�(x) =

2

66666664

1
x

x
2

...
x
k

sin(x)

3

77777775

2 Rk+2 (4)

With the updated feature map, train di↵erent models for values of k = 0, 1, 2, 3, 5, 10, 20,
and plot the resulting hypothesis curves over the data as before.

Submit the plot as a solution to this sub-problem. Compare the fitted models with the
previous sub-question, and briefly comment about noticable di↵erences in the fit with this
feature map.

(e) [5 points] Overfitting with expressive models and small data

For the rest of the problem, we will consider a small dataset (a random subset of the dataset
you have been using so far) with much fewer examples, provided in the following file:

src/featuremaps/small.csv
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We will be exploring what happens when the number of features start becoming bigger
than the number of examples in the training set. Run your algorithm on this small dataset
using the following feature map

�(x) =

2

666664

1
x

x
2

...
x
k

3

777775
2 Rk+1 (5)

with k = 1, 2, 5, 10, 20.

Create a plot of the various hypothesis curves (just like previous sub-questions). Observe
how the fitting of the training dataset changes as k increases. Submit the plot in the writeup
and comment on what you observe.

Remark: The phenomenon you observe where the models start to fit the training dataset
very well, but suddenly “goes wild” is due to what is called overfitting. The intuition to
have for now is that, when the amount of data you have is small relative to the expressive
capacity of the family of possible models (that is, the hypothesis class, which, in this case,
is the family of all degree k polynomials), it results in overfitting.

Loosely speaking, the set of hypothesis function is “very flexible” and can be easily forced
to pass through all your data points especially in unnatural ways. In other words, the model
explains the noises in the training dataset, which shouldn’t be explained in the first place.
This hurts the predictive power of the model on test examples. We will describe overfitting
in more detail in future lectures when we cover learning theory and bias-variance tradeo↵s.








































































































Solution
n

la D JlD z I ly OTT TT i

2 sincepadJae cylisoxuiy.nlis
T i

Updaterule f O dt.z.COTxcii.yiisjcx.az

Lb

Learnthypothesisofdegree3polynomial










































































































LearntCarverforK I3.5.10202
ObservationAs Kbecomes larger thecurvefitsthepointsbetter

ButalsoWhenk toor20 Therearesometwistsinthecurvefvariancef

Learntcurvewith sinus
ObservationMostcarvescanbettercapturethepieriodicalshape

whileasKbecomeslargerThecurvetriestofitthenoise










































































































Les

Learntcurveon smalldataset

observations Klarger thecurvestendtopredictextremevalues

ontwosidesofthedatasetthoughtheyhaveperfectfitforthe
datapoints



CS229 Problem Set #1 12

5. [10 points] Linear invariance of optimization algorithms

Consider using an iterative optimization algorithm (such as Newton’s method, or gradient de-
scent) to minimize some continuously di↵erentiable function f(x). Suppose we initialize the
algorithm at x

(0) = ~0. When the algorithm runs, it will produce a value of x 2 Rd for each
iteration: x(1)

, x
(2)

, . . ..

Now, let some non-singular square matrix A 2 Rd⇥d be given, and define a new function
g(z) = f(Az). Consider using the same iterative optimization algorithm to optimize g (with
initialization z

(0) = ~0). If the values z
(1)

, z
(2)

, . . . produced by this method necessarily satisfy
z
(i) = A

�1
x
(i) for all i, we say this optimization algorithm is invariant to linear reparame-

terizations.

(a) [7 points] Show that Newton’s method (applied to find the minimum of a function) is
invariant to linear reparameterizations. Note that since z

(0) = ~0 = A
�1

x
(0), it is su�cient

to show that if Newton’s method applied to f(x) updates x
(i) to x

(i+1), then Newton’s
method applied to g(z) will update z

(i) = A
�1

x
(i) to z

(i+1) = A
�1

x
(i+1).1

(b) [3 points] Is gradient descent invariant to linear reparameterizations? Justify your answer.

1Note that for this problem, you must explicitly prove any matrix calculus identities that you wish to use that
are not given in the lecture notes.
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6. [25 points] Learning Imbalanced dataset

In this problem, we study how to learn a classifier from an imbalanced dataset, where the
marginal distribution of the classes/labels are imbalanced. Imbalanced datasets are ubiquitous
in real-world applications. For example, in the spam detection problem, the training dataset
usually has only a small fraction of spam emails (positive examples) but a large fraction of
ordinary emails (negative examples). For simplicity, we consider binary classification problem
where the labels are in {0, 1} and the number of positive examples is much smaller than the
number of negative examples.

(a) [10 points] Evaluation metrics

In this sub-question, we discuss the common evaluation metrics for imbalanced dataset.
Suppose we have a validation dataset and for some ⇢ 2 (0, 1), we assume that ⇢ fraction of
the validation examples are positive examples (with label 1), and 1�⇢ fraction of them are
negative examples (with label 0).

Define the accuracy as

A , #examples that are predicted correctly by the classifier

#examples

(i) (3 point) Show that for any dataset with ⇢ fraction of positive examples and 1� ⇢ frac-
tion of negative examples, there exists a (trivial) classifier with accuracy at least 1� ⇢.

The statement above suggests that the accuracy is not an ideal evaluation metric when
⇢ is close to 0. E.g., imagine that for spam detection ⇢ can be smaller than 1%. The
statement suggests there is a trivial classifier that gets more than 99% accuracy. This could
be misleading — 99% seems to be almost perfect, but actually you don’t need to learn
anything from the dataset to achieve it.

Therefore, for imbalanced dataset, we need more informative evaluation metrics. We define
the number of true positive, true negative, false positive, false negative examples as

TP , # positive examples with a correct (positive) prediction

TN , # negative examples with a correct (negative) prediction

FP , # negative examples with a incorrect (positive) prediction

FN , # positive examples with a incorrect (negative) prediction

Define the accuracy of positive examples as

A1 , TP

TP + FN
=

# positive examples with a correct (positive) prediction

# positive examples

Define the accuracy of negative examples as

A0 , TN

TN + FP
=

# negative examples with a correct (negative) prediction

# negative examples

We define the balanced accuracy as

A , 1

2
(A0 +A1) (6)
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With these notations, we can verify that the accuracy is equal to A = TP+TN
TP+TN+FP+FN .

(ii) (4 point) Show that

⇢ =
TP + FN

TP + TN + FP + FN

and

A = ⇢ ·A1 + (1� ⇢)A0 (7)

Comparing equation (6) and (7), we can see that the accuracy and balanced accuracy are
both linear combination of A0 and A1 but with di↵erent weighting.

(iii) (3 point) Show that the trivial classifier you constructed for part (i) has balanced
accuracy 50%.

Partly because of (iii), the balanced accuracy A is often a preferable evaluation metric than
the accuracy A. Sometimes people also report the accuracies for the two classes (A0 and
A1) to demonstrate the performance for each class.

(b) [5 points] Coding problem: vanilla logistic regression

First, we use the vanilla logistic regression to learn an imbalanced dataset. For the rest of
the question, we will use the dataset and starter code provided in the following files:

• src/imbalanced/{train,validation}.csv

• src/imbalanced/imbalanced.py

Each file contains n examples, one example (x(i)
, y

(i)) per row. x is two-dimensional, i.e.,

the i-th row contains columns x(i)
1 2 R, x(i)

2 2 R, and y
(i) 2 {0, 1}. Let D = {(x(i)

, y
(i))}ni=1

be our training dataset. D has ⇢n examples with label 1 and (1� ⇢)n with label 0. In the
dataset we constructed, ⇢ = 1/11.

You will train a linear classifier h✓(x) with logistical loss, where h✓(x) = g(✓Tx), g(z) =
1/(1 + e

�z), similar to Problem 1 Part a:

J(✓) = � 1

n

nX

i=1

⇣
y
(i) log(h✓(x

(i))) + (1� y
(i)) log(1� h✓(x

(i)))
⌘
,

You are encouraged to use your code for problem 1, but you are also allowed to use any stan-
dard logistic regression library or package to optimize the objective above. After obtaining
the classifier, compute the classifier’s accuracy (A), balanced accuracy (A), accuracies for
the two classes (A0, A1) on the validation dataset, and report them in the writeup. You are
expected to observe that the minority class (positive class) has significantly lower accuracy
than the majority class.

Create a plot to visualize the validation set with x1 on the horizontal axis and x2 on the
vertical axis. Use di↵erent symbols for examples x

(i) with true label y(i) = 1 than those
with y

(i) = 0. On the same figure, plot the decision boundary obtained by your model (i.e,
line corresponding to model’s predicted probability = 0.5) in red color. Include this plot in
your writeup.

(c) [5 points] Re-sampling/Re-weighting Logistic Regression

The relatively low accuracy for the minority class and the resulting low balanced accuracy
are undesirable for many applications. Various methods have been proposed to improve the
accuracy for the minority class, and learning imbalanced datasets is an active open research
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direction. Here we introduce a simple and classical re-sampling/re-weighting technique that
helps improve the balanced accuracy in most of the cases.

We observe that the logistic regression algorithm works well for the accuracy but not for the
balanced accuracy. Let D = {(x(i)

, y
(i))}ni=1 denote the existing training dataset. We will

create a new dataset D0 such that the accuracy on D0 is the same as the balanced accuracy
on D.

Assume ⇢ < 1/2 without loss of generality, and let  = ⇢
1�⇢ . This means the number of

positive examples is  times the number of negative examples in D. Assume for convenience
1/ is an integer.2 Let D0 be the dataset that contain each negative example once and 1/
repetitions of each positive example in D. Then we will apply the logistic regression on the
new dataset D0.

Prove that for any classifier, the balanced accuracy on D is equal to the accuracy on D0.
Moreover, show that the logistical regression objective for the dataset D0 is equal to

J(✓) = �1 + 

2n

nX

i=1

w
(i)

⇣
y
(i) log(h✓(x

(i))) + (1� y
(i)) log(1� h✓(x

(i)))
⌘
,

where w
(i) = 1 if y(i) = 0 and w

(i) = 1/ if y(i) = 1.

Observe e↵ectively we are re-weighting the loss function for each example by some constant
that depends on the frequency of the class it belongs to.

(d) [5 points] Coding problem: re-weighting minority class

In src/imbalanced/imbalanced.py, implement the logistic regression algorithm on D0.
Compute and report the classifier’s accuracy (A), balanced accuracy (A), accuracies for the
two classes (A0, A1) on the validation dataset. You are expected to see that the accuracy of
minority class (class 1) improved significantly whereas that of the majority class dropped
compared to vanilla logistic regression. However, the balanced accuracy is significantly
greater than that of the vanilla logistic regression.

Create a plot to visualize the validation set with x1 on the horizontal axis and x2 on the
vertical axis. Use di↵erent symbols for examples x

(i) with true label y(i) = 1 than those
with y

(i) = 0. On the same figure, plot the decision boundary obtained by your model (i.e,
line corresponding to model’s predicted probability = 0.5) in red color. Include this plot in
your writeup.

2otherwise we can round up to the nearest integer with introducing a slight approximation.
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Naivelogisticregressiondecisionboundary

Accuracy A 9473
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d

UpsamplingDecisionBoundry

Accuracy A 89.92

BalancedAccuracyA 90.4006

PositiveAccuracyAs 91.00

NegativeAccuracyAo 89.8


